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Abstract 

We investigate the separability of arbitrary dimensional tripartite sys- 
tems. By introducing a new operator related to transformations on 
the subsystems a necessary condition for the separability of tripartite 
systems is presented. 
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Quantum entanglement has been recently recognized as the most essential ingredient 
in the quantum information technology. One of the important problems in the theory of 
quantum entanglement is the separability. A multipartite state is called fully separable if 
and only if the density matrix pab-c can be written as: 

i 

where pf , pf ■ ■ , p'^ are density matrices associated with the subsystems A, B, ■ ■ ■ ,C, and 
<p^ < 1, EPi = 1. 

i 

Many separability criteria have been found in recent years. For pure states, the problem 
is completely solved, e.g., by using the Schmidt decomposition [1]. For mixed states, there 
are separability criteria such as PPT, reduction, majorization, realignment etc. [2, 3, 4, 5, 6] 
In [7] the authors have given a lower bound of concurrence for tripartite quantum states 
which can be used to detect entanglement. In [8] the authors have provided a numerically 
computable criterion which can detect PPT entangled states for three qubits systems. The 
efficient criteron is then generalized to tripartite systems with arbitrary dimensions [9]. In 
[10] some nice results shew that some quantity related to Hermitian matrix is positive for 
quantum mixed states in 2 x systems, which was further discussed in [11]. These results 
were generalized to arbitrary dimensional bipartite systems (or 2 x 2 x A quantum systems) 
in [12]. In this paper, we study arbitrary tripartite systems in analogue to the approach 
used in [10, 11, 12]. The properties of tripartite density matrices are studied in terms of 
the Bloch representations. A necessary condition for the separability of tripartite states has 
been obtained. These results are non-trivial when they are reduced to bipartite systems 
discussed in [10, 11, 12] and the separability criterion do detect some entanglements. 



Any Hermitian operator on an A^-dimensional Hilbert space Tijv can be expressed ac- 
cording to the generators of the special unitary group SU {N) [13]. The generators of SU {N) 
can be introduced according to the transition-projection operators 

where i = 1,...,N, are the orthonormal eigenstates of a hnear Hermitian operator on 
Hn- Set 



— -y _^ {Pii + -P22 H \- Pii- iPi+i,i+i), 

^jk — Pjk ~l~ Pkji 
Vjk = i{Pjk — Pkj), 

where 1 < / < TV — 1 and 1 < j < k < N. We get a set of A'"^ — 1 operators 

r = {uJi,UJ2, UJN-1, U12, Uis, ■■■ , V12, Vi3, ■ ■ •}, 

which satisfy the relations 

Tr{A,} = 0, Tr{\Xj} = 26^^, V A, G T 

and thus generate the SU{N) [14]. 

Any Hermitian operator p in TIn can be represented in terms of these generators of 
SU{N), 

1 1 ^'-^ 

where In is a unit matrix and r = (ri,r2, ■ ■ ■rN2_i) G K^^^^. r is called Bloch vector. The 
set of all the Bloch vectors that constitute a density operator is known as the Bloch vector 
space S(m^''"^). 

A matrix of the form (1) is of unit trace and Hermitian, but it might not be positive. 
To guarantee the positivity restrictions must be imposed on the Bloch vector. It is shown 
that i?(M^^~^) is a subset of the ball D^(r^^"^) of radius R = y^2(l - j^), which is the 
minimum ball containing it, and that the ball Dr{S.^^~^) of radius r = ^ n{n-i) included 
in S(M^'-i) [15], that is. 

Let the dimensions of systems A, B and C be A"!, N2 and A3 respectively. Any tripartite 
quantum states pabc & Hni ^'Hn2 ^T^N-i can be written as: 

Af2-i Ar|-i 

pABC = /jvi ® /iV2 ® Mo + J2 ^i(l) ®lN2®Mi+ In, ® Xj{2) ® Mj 

i=i j=i 
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N'f-1 Af|-1 



+ E E A,(1)®A,(2)®M,,-, (2) 
i=i j=i 

where Ai(l), Aj(2) are the generators of SU{Ni) and SU{N2); M^, Mj and Mij are operators 

of TYiVg . 

[Theorem 1] Let r G R^i-\ s G R^'-^ and |r| < ^ j^^^l_,y |s| < /^JJ^- For a 
tripartite quantum state p G TYat^ ®'Hn2 ^'Hns with representation (2), we have 

Nf-l Af|-1 7V2-liV|-l 

Mo - E ^^^i - E + E E ^ 0- (3) 

i=l j=l i=l j=l 



[Proof] Since r G R^i~^ s G M^2~^ and |r| < ^ ;vi(JVi-i) ' 1^1 - \J N^iN^-i) ' ^^"^^ ^^^^ 

Ar2-1 Ar|-1 

Ai = |(-^/— rjAj(l)) and ^2 = |( J-/— SjAj (2)) are positive Hermitian operators. 

^ i=l ^ jr = l 

Let A = ® \J~^2 ® Ins- Then ApA > and (ApA)^" = ApA. The partial trace of ApA 
over TijVi (and TiiVj) should be also positive. Hence 

< TrABiApA) 

= TrAB{Ai (8) ^2 Mo + E \/AAi(l)yA^^ (g) A2 (g) M^ + ^ (g) ^J~M\j{2)^J~A2® Mj) 

i 3 

+ E \fM\{'^)\fM® '\/^ Aj(2)^/]4^ (8) Mij-) 

Af2 - 1 Ar| - 1 Ar2 _ijv2 _ 

= Mo - 53 nM, - ^jMj + E E ^^^i^^i- 

i=l j=i *=i i=i 

□ 

Formula (3) is valid for any tripartite states. By setting s = in (3), one can get a result 
for bipartite systems: 

[Corollary 1] Let pab G Ti-Ni ®'^N2 which can be generally written as pab = In^ ® + 

E Aj ® Mj, then for any r G M^i"^ with |r| < ^^^J^, Mo - E rjMj > 0. 

In [12], a separability criterion for N1XN2 systems has been obtained: if pab is separable, 

then Mq— E '^i-^i is positive for any vector a = {di, d2, - ■ ■ , dpf2_^) with | a | < 1. 

j=i 3Ni — 2 1 

Noticing that ^j^^_2 ^ \/ Ni{Ni- ^ A^i > 2, we get from our corollary that this 

criterion can not recognize any bipartite entangled states, as it is true for both entangled 

and separable states. 

A separable state Pabc can be written as 

PABC = T.P^\^f){^f\ ® I'PfMl ® 
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From (1) it can also be represented as: 



i 1 k=l ^ 1=1 

1 ^1"^ 1 



^1-1 1 



(0^ I, ,c\/ ,C| 



+ E E ® m ® ^E«rrp.kf)(c^f I, (4) 

where {af\ af ^ • • • , a-^^ and (6^, fef-* • • • , 6-'^^ ^■*) are real vectors on the Bloch sphere 
satisfying | alp = E (a?^)^ = 2(1 - ^) and | 6, P = E i^^i^f = 2(1 - 
Comparing (2) with (4), we have 

Mo = ^EAkf)((^f I, M, = ^EafV>f)(c^f I, 

i i 
i i 

For any (TVf - 1) x (ATf - 1) real matrix R{1) and (A^| - 1) x (Ar| - 1) real matrix R{2) 
satisfying -(jf^^I — -R(l)^-R(l) > and jf^^^I — -R(2)^i?(2) > 0, we define a new matrix 

/ R{1) \ 
7^= R{2) , (6) 

V or/ 

where T is a transformation acting on an {N'l - 1) X (A^l - 1) matrix M by 

r(M) = R{l)MR^{2). 
Using TZ we define a new operator 77^, 

Nl-l 7V|-1 

77^(pABc) = /ivi ®In,®M'q+ ^i(l) ® ^iV2 ® M; + 1^ In, ® A,(2) ® M^. 

+ E E A,(1)®A,(2)®m;^, (7) 

JV-?-l Nl-l 



where Mq = Mo, = E i?fem(l)M„, M[ - E i?/n(2)M„ and M[. = (T(M)) 

(i?(l)Mi?^(2)),,. 



m=l m=l 



4 



[Theorem 2] If pabc is separable, then "fniPABc) > 0. 



[Proof] From (5) and (7) we get 



Mo = Mo 



N1N2 V * ' ^ ' " « 2iV; 



mm 



A straightforward calculation gives rise to 

1 / 2 



(A''^ — 1 AT'^ — 1 



As (iViV^ ~ ^(1)^^(1) > and j^^I - R{2fR{2) > 0, we get 



= \R{l)at\' < 



b:\' = \R{2)k\'< 



{Ni - 1)2' Ni{Ni - 1)' 

1 ,^,0 2 



(7V2-l)2i ^1 Ar2(Ar2-l)' 
Therefore j-r{pabc) is still a density operator, i.e. ■^fnifiAsc) > 0. □ 
Theorem 2 gives a necessary separability criterion for general tripartite systems. The 
result can be also applied to bipartite systems. Let pab £ 'Hn^ ®'Hn2-i Pab — In^ ® Mq + 

E Xj <8) Mj. For any real {N^ - 1) x {N^ - 1) matrix 7^ satisfying jj^^z^I - > 

j=i 1 

and any state pab, we define 



mipAB) ^In,^Mo+ J2 ® Mj, 

3=1 



where M. = E^jfc^fc. 



[Corollary 2] For pab £ "^iVi ® '^^iV2, if there exists an TZ with jj^^z^^ ~ TZ^TZ > such 
that ^niPAB) < 0, then pab must be entangled. 

For 2 X AT systems, our corollary is reduced to the results in [10] . Generally this criterion 
do detect certain entanglement of TijVi <8)7ijv2 systems. As an example we consider the 3x3 
Istropic states, 

PI = ^/3<8)i3 + | E K^)OjI 

= /3®(J/3) + Ea,®(|a,)-Ea,®(|a,). 
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If we clioose IZ to be Diag{|, |, |, |, |, — |, — |, — |}, we get when 0.5 < p < 1, p/ is entan- 
gled. For tripartite case, we take the following 3x3x3 mixed state as an example: 

l-p 



27 -ir, xr 

where |V^) = ^TgdOOO) + |111) + |222))((000| + (111| + (222|). Taking R{1) = R{2) = 

Diag{|, |, |, |, |, — |, — |, — |}, we have that p is entangled for 0.6248 < p < 1. 

In fact the criterion for 2 x systems [10] is equivalent to the PPT criterion [5]. Our 

theorem 2 is also equivalent to the PPT criterion for 2 x 2 x A'^ systems. This can be seen 

/ 1 

from the foUowings. Let us choose i?(l) = 1 | and R{2) — I^. A separable state 

V -: 

Pabc G 'H2®'H2®'Hn can be represented as: 



i 

By the definition we get 



'2' ' "^2 

]=x,y,z J=x,y,z 



3=x,y,z 



P^ABC- 



For Pabc P^bci similarly choose 



/ 1 



R{1) = h, R{2) 




1 I and R{1) = R{2) 
V -1 

If JniPABc) ^ 0, we get that p^^,p^'^ and p^-^'^ are also positive operators. 

On the other hand, if there is an entangled PPT state Pabc G Ti.2 <S> 'Hn, P^bc > 0, 
Pabc — ^ ^'^'^ Pabc — but 'yniPABc) < for some real 3x3 matrices i?(l) and R{2) such 
that i?^(l)i?(l) < / and R^{2)R{2) < I, with 7^ being defined in (6). Then one can define, 

for all P = (/3i,/32,/53) e p' = i?(l)/3 with p' = (/?!,/?;,/?;), and AR(i){aI + E PiC^i) = 

i=l 

aI+J2 Pi<^i- Obviously Ar(i) would map the Bloch sphere to itself. Hence I^r{i) is a positive 

1=1 

map. From [16] it follows that A^(i) can be expressed as Ar{i) = A^^-)(l) + A^^-)(2) o T, 
where A^^-)(l) and A^^j(2) denote completely positive maps, and T the transpose. Similar 
result can be obtained for h.R{2)- A straightforward calculation shows that 

InipABc) = (Ar(i) (8) Aij(2) <8) I){pabc) 

= ((Agfi)(l) + Agfi)(2) o T) ® (Ag5)(l) + Ag5)(2) o T) ® /)(p^^c) 
= (Agfi)(l) ® Agf2)(l) ® + (Ag&(2) ® Ag5)(l) ® I){pl^^c) 

+(Ag&(l) ® Agg)(2) I){pl%c) + (Agfi)(2) ® Ag5)(2) ® I){pl^ic)- 
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Since that the tensor product of two completely positive maps is still a completely positive 
map and p^BC — 0, Pabc — ^ ^"^^ Pjtsc — 0, this implies that ^ti{pabc) ^ 0. This is a 
contradiction. Hence the theorem 2 is equivalent to the PPT criterion for 2 x 2 x iV systems. 

We have studied the separability of tripartite quantum systems. In terms of the Bloch 
representation of density matrices, a necessary condition for the separability of tripartite 
states has been obtained. Our approach gives a new way of separability investigation. 
For 2 X 2 X N systems our criterion is equivalent to PPT, namely PPT criterion can be 
also understood according to the Bloch representation approach. Nevertheless it is rather 
complicated to compare our criterion with PPT generally for higher dimensional tripartite 
systems. Moreover as the PPT and reahgnment separabihty criteria can give rise to lower 
bonds of entanglement of formation and concurrence [17], one could also discuss the possible 
relations between the lower bounds of entanglement and the separability criterion in this 
letter. The approach can be also generalized to arbitrary multipartite systems. 
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